Abstract. This paper examines the boundary behaviour of superharmonic functions on a half-space in terms of their behaviour along lines normal to the boundary. It is shown that, if the set of lines along which such functions grow quickly is (in a certain sense) metrically dense, then the set of lines along which they are bounded below is topologically small.
Introduction
Let f be a non-constant holomorphic function on the unit disc, and let E be the set of boundary points where f has radial limit 0. A classical theorem of Luzin and Privalov (see [14] or [4, p. 150, Corollary 3] ) asserts that, if EAJ has positive outer measure for every subarc J of a given arc I, then EnI is of first (Baire) category. A generalization of this result to superharmonic functions, due to Arsove [1], when reformulated for the half-plane and slightly refined, is as follows. Rippon [16, Theorem 6] showed that the natural analogue of Theorem A in higher dimensions is false: there exists a superharmonic function u on R 2 • (0, +oo) such that u(x, y, z) as 0+, (x, y) 9 R2\E, where E is a first category subset of R 2 with zero area measure. However, the author [11] has recently shown that Theorem A can be extended to higher dimensions using the fine topology, that is, the coarsest topology which makes every superharmonic function continuous. (See Doob [5, 1.XI] for its basic properties and its relationship to the notion of thinness.) Let U be a non empty finely open subset of R n. A set E is said to be metrically fine dense in U if, for every non-empty finely open subset V of U, the set EAV has positive outer Lebesgue measure. Also, E is said to be of first fine category if it can be expressed as a countable union of sets Ek such that the fine closure of each Ek has empty fine interior. Relevant facts here are that every non-empty finely open set has positive measure, and that the fine topology has the Baire property. Also, the fine topology on R ~ is strictly finer than the Euclidean topology when n>2, but the topologies coincide when n-l.
(The superharmonic functions on R are precisely the concave functions and so are already continuous.) Points of R ~, n>2, will be denoted by X or (X~,x) where X~ER n-l, and the half-space R ~-I x (0, +oc) will be denoted by D. Theorem A has the following generalization to all dimensions (see [11, Theorem i] ).
Theorem B. Let u be a superharmonic function on D and U r be a non-empty finely open subset of R ~-1. If the set {X'ER n ]:limsup~__~o+ u(X',x ) +oe} is metrically fine dense in U ~, then the set
is of first fine category in R n-1.
Below we show that there is a family of results of this type dealing with various growth rates for superharmonic functions along lines normal to the boundary. Let a_>0, let ECR ~ and U be a finely open subset of R% If, for every non-empty finely open subset V of U, the set EnV has positive c~-dimensional Hausdorff measure (resp. EAV is non-polar), then we say that E is c~-metricallyfine dense in U (resp. capacitarily fine dense in U). The special case of Theorem ] where c~=n-1 is Theorem A above. Other values of c~ are much more difficult to treat, and new arguments are required. When n=2, the fine-topological concepts can be replaced by their Euclidean counterparts (and the proof is much simpler, as we indicate at the end of Section 3), but this is not the case when n>3, see Example 1 in Section 6.
Theorem 1 fails when c~_<n-2 (see Example 3(b) in Section 6), but a related result is obtained by strengthening (2).
